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Abstract
One dimensional, lumped element, analytical models were developed to examine
the transient behavior and stability criteria of industrial pumping systems and
investigate the underlying physics. This work was motivated by the need to pre-
dict and understand the transient behavior of these systems in a manner that
would facilitate developing more effective control strategies, designing inherently
more stable industrial pumping systems, and minimizing the need for field testing.
A base-line model was first formulated, comprising of a turbine driver, a
process compressor, an inlet compressor duct, a process column (plenum) and a
compressor discharge valve. The resulting mathematical model was able to cap-
ture the system's instability onset point, the non-linear post-stall behavior, and
their sensitivity to the system's physical parameters. Two non-dimensional groups
were found to play a dominant role in the overall dynamics. Small values of the
ratio of fluid compliance to fluid inertia on the compressor side (known as the B-
parameter) had a strong stabilizing effect and were associated with high frequency
surge oscillations. In contrast, small values of mechanical to fluid inertia ratio
had a strong stabilizing effect only in a limited region of the compressor operating
range and had little effect on surge frequency. The model explained the stabiliz-
ing effect of driver dynamics and its role in initiating the instability mechanism.
The model was expanded to include a driver speed control loop on the turbine
side, and a recycle loop on the compressor side, reaching a pumping system of
practical complexity. The expanded model allowed for examining realistic tran-
sient scenarios such as shut-down and recovery form surge. It was found that the
driver speed controller has strong effect on system dynamics during large tran-
sients (such as shutdown) but less significant effect on the post-stall behavior.
The expanded model provides a means of analyzing the dynamics of a wide class
of industrial pumping systems and explaining the physics behind it.
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m mass, kg
rh mass flow rate, kg/sec
P power, Watt
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p pressure, Pa
R gas constant, Joule/kg K
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T temperature, K
TD derivative controller time constant
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total (stagnation) property
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compressor suction
turbine
turbine throttle
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Chapter 1
Introduction
1.1 Background
Industrial pumping systems constitute a critical part of most process industries.
Natural gas and crude oil processing plants are typical examples, in which pump-
ing systems are the prime means of transporting the product between different
pa,rts of the plant and to the outside world for delivery.
For most applications, these system are required to withstand uninterrupted
operation for extended periods of time. They are also required to shift, smoothly
and safely, between different operating conditions to meet various market de-
mands. In addition, these systems should be able to cope with transients produced
by other components in the system, such as the start-up of another pumping sta-
tion or the sudden opening of a valve. In critical applications, where hazardous
fluids are involved for example, failure to meet these requirements can be cata-
strophic. In order to ensure reliable and safe operation of industrial pumping
systems, it is important to understand their transient behavior in a way that re-
flects on their design, operation and control.
Many types of undesirable transient behavior (instabilities) of pumping sys-
tems have been reported and investigated. Examples of the most common
instabilities are: compressor surge and rotating stall and turbine hunting. The first
two represent unsteady oscillations about a mean operating point, while the latter
is a quasi-steady movement of the mean operating conditions.
Compressor surge occurs when the back pressure at the compressor discharge is
increased to a certain limit above which the compressor can not withstand the
imposed back pressure. As a result, the compressor flow field becomes unstable
and the compressor pressure rise capability deteriorates. Downstream components,
now at a higher pressure, start to blowdown through the compressor, resulting in
large scale reversal in compressor mean flow with a corresponding reduction in
back pressure. Once the back pressure becomes sufficiently low, the compressor
recovers and begins pumping forward again, thus causing the back pressure to
increase and the cycle to repeat. Since most compressors are not designed to en-
dure the cyclic loading that accompanies surge oscillations, few surge cycles can
result in severe damage to the compressor internal components.
Another mode of compressor instability is rotating stall. The operating con-
ditions that lead to this instability are very similar to those leading to surge.
However, if the system has very small downstream compliance (mass storage
capacity), the flow reversal is less likely to occur, and the compressor shifts to an-
other stable operating point at reduced flow and pressure rise. The instability in
this case remains local to the compressor internal flow field (with no global flow
reversal), yet, it can be very damaging to the compressor.
Turbine hunting, on the other hand, is associated with the turbine speed
regulation mechanism. This mechanism is comprised of a controlling device, a
governor, and a complex network of mechanical and hydraulic elements. As the
load on the turbine changes, the governor detects a corresponding change in shaft
speed, and issues a correcting signal. The mechanism then communicates the
signal to the turbine inlet throttle valve, which modulates the turbine mass flow
rate and recovers the original operating speed. Due to the presence of damping,
compliance and inertia within the governor mechanism, it is possible under certain
conditions that this regulatory action develops into a forced instability (resonance)
taking the form of sustained oscillations in turbine speed and other system vari-
ables.
Although pumping systems in different applications share many features, in-
cluding some of the instabilities described above, they can be different in many
ways. As an example, a compressor within a gas turbine engine can experience
surge or stall or both. The major interacting components are the turbine
(dissipating throttle), the burner (compliance volume), and the compressor (inertia
and pressure rise) which in this case shares the same flow stream with the turbine.
In contrast, a process compressor in an industrial application interacts with an
independent driver (that has its own flow stream and speed control device), a
controlled discharge valve, process components of different sizes and functions, a
recycle line and a network of piping. In many configurations, several process
compressors are installed to operate in parallel or in series. Further, industrial
compressors are designed to handle different fluids and operating conditions.
In order to enhance the stability of pumping systems in general, designers and
operators have devised many preventive techniques based on experience and
careful observations. Currently, modern control schemes are utilized in managing
the operation of industrial pumping systems. Such schemes are designed to pre-
vent the system from operating within or near the pre-defined unstable region by
carefully manipulating the system's mean flow, pressure and speed. On-line
measurements provide the sensory signals while high speed microprocessors issue
the control signals obtained from complex control algorithms. The controlling
action mostly involves the regulation of the recycle line flow and the reduction of
system speed. These control systems are custom-built for a particular facility,
and are usually based on field testing which may include a surge test.
Recently, analytical models have been developed to predict and quantify the
dynamic behavior of simple pumping systems resembling, in most cases, a jet en-
gine. Such models contributed significantly in establishing a more thorough and
consistent understanding of the unsteady phenomena of interest [9, 10]. They also
allowed for the introduction of new concepts in the field of compression systems
stability, such as the "active control of compressor instabilities" and "suppression
of compressor instabilities using tailored-structures," [6, 12].
1.2 Previous Work
Lumped element models have been used over the last forty years to model the
dynamics of different compression systems, mostly those of laboratory pumps and
compressors or experimental gas turbine engine.
Emmons [5] presented the first successful analogy between Helmholtz resona-
tors and basic surge dynamics. Using a linearized lumped parameter model, he
found good agreement between the predicted and measured instability onset point
as well as the effect of system parameters on the frequency of oscillation.
Paynter [19] introduced a bond graph representation of Eulerian Turbom-
achines that captured the main features of real machines, and was consistent with
the bond graph modeling notation. Utilizing similarity concepts, he recast the
non-linear constitutive relations of a certain class of turbomachines into a Gy-
rator element and a series of Resistor elements. He also demonstrated the use of
this notation in examining few simple cases, emphasizing its advantages.
Greitzer [10, 11] examined, both experimentally and analytically, a basic
compression system containing a three stage axial compressor. He developed a
fourth order non-linear analytical model and quantified the system's post-stall
transient behavior through numerical simulations. The ability of the compression
system to sustain a limit-cycle behavior (surge) was found to primarily depend on
a non-dimensional group called the B-parameter which represents the ratio of
compliance to inertia in the system. His experiments showed very good agreement
with the theoretical predictions.
Fink [7] performed a similar study using a small turbocharger. His model ac-
counted for rotor speed variations and compressor time lag, and predicted that
both have stabilizing effects. He also performed an extensive set of experiments
and confirmed his theoretical predictions.
Simon [23] recast the surge model in a form suitable for control applications,
and. used it to investigate different feedback stabilization techniques to extend the
stable operating range of the compressor. He also examined one feedback control
scheme experimentally on a centrifugal compressor rig, and showed its benefits
over a passive flow restriction in damping the small flow perturbations that pre-
cede surge.
A simplified version of Greitzer's surge model was used by Abed, et al. [1] to
analyze the non-linear post-stall transient behavior from a bifurcation-theoretic
perspective. The role of the B-parameter in controlling the mode of instability
was explained using a bifurcation sequence analysis. Two types of post-stall in-
stabilities were detected; namely, sustained oscillations (surge) and unstable os-
cillations (anti-surge).
McNulty [17] performed an analytical study to assess different sensing and
actuation approaches for the suppression of surge as applied to a helicopter gas
turbine engine. He used a linearized version of the surge model and assessed the
validity of its assumptions in the context of a real gas turbine engine. He showed
that, for such an application, heat release in the combustion can have significant
effect on engine stability while speed fluctuations had negligible effect.
Rowen [20, 21] presented a simplified mathematical representation of heavy
duty gas turbine engines used in General Electric power generation systems. The
model included an estimate of system physical and dynamic parameters, such as
typical values of time lag for different sensing and actuation components.
1.3 Motivation, Objectives and Approach
Motivation:
Industrial pumping systems can experience different modes of system instability
which prevent them from meeting operational and safety requirements. Currently,
various designs of control systems are utilized to avoid such instabilities. These
designs are based on field surge testing that can potentially be damaging to system
components. They also sacrifice efficiency due to excessive recycling, add to the
system's complexity, and are not always effective.
The development of a consistent and systematic modeling approach of indus-
trial pumping systems has numerous benefits. It enables the accurate prediction of
the transient behavior of industrial pumping systems. Thus, more effective and
efficient control schemes may be designed while minimizing the need for field
surge testing. In addition, it leads to the design of more stable pumping systems
by providing better insight into the unsteady phenomena. It also facilitates the
utilization of the extensive research work performed for different applications
.involving pumping systems.
This work is a step towards achieving these goals.
Objectives:
The objectives of this work were identified as follows:
* Develop mathematical models that capture the main modes of system in-
stability and predict the transient behavior of industrial pumping systems.
* Assess the validity and limitations of different modeling assumptions, such
as constant turbine efficiency and quasi-steady compressor behavior.
* Assess the role of various elements in an industrial pumping system, such as
the driver, rotor inertia, and speed regulation devices, on the overall system
dynamics.
* Quantify the stability criteria for a basic industrial pumping system.
* Quantify the non-linear system behavior during instability (e.g. compressor
surge and turbine hunting oscillations).
* Utilize the simple models developed herein to examine the transient be-
havior of typical integrated configurations of industrial pumping systems
at a practical level of complexity.
Approach:
The modeling work in this thesis is based on extending existing models such as
those developed for a gas turbine engine. In order to account for the many differ-
ences between those applications and the ones considered in this study, the models
will be reconstructed to include new elements and effects that contribute to the
system dynamics. One such element is the independent driver, typically a turbine,
that provides the mechanical power to the compressor. Unlike previous studies, a
more sophisticated model of a turbine driver is introduced. In addition, the tur-
bine speed control regulation mechanism is also incorporated at a later stage.
After the basic model of an industrial pumping system is introduced and analyzed,
other typical components are added to the model, which at that point approaches
a level of complexity similar to that of actual systems.
The methodology of lumped element (network) modeling is employed through
out this work. Inertial, capacitive and dissipative effects are lumped into idealized
elements that represent specific behavior of actual system components. The con-
stitutive relations of these elements are assumed to be available as an input to the
model. In practice, these relations can be obtained by actual field testing or from
vendors. In this study, the behavior of these components is represented by simple
mathematical functions designed to match actual performance data in terms of
the main trends and critical features.
The following tools are utilized in analyzing the models. Non-linear simula-
tions are used to examine the transient system response when large variations and
disturbances are involved, in which case the non-linear nature of system compo-
nents are important. Linearized models are also utilized to predict the stability of
various operating points. In both linear and non-linear analysis, the effects of
different system parameters are examined. A few simple models are examined
analytically in an attempt to reveal some general aspects of their dynamic be-
havior.
Scope:
Industrial pumping systems exist in countless configurations, sizes and services,
each of which can potentially have different dynamics. The emphasis in this
study is on developing a systematic modeling approach that can be extended to
include the diversity of existing systems.
1.4 Organization
This thesis is organized in the following manner. Chapter 1 introduces the subject
of industrial pumping systems transient behavior and stability. Pumping systems
in different applications are briefly compared from that perspective. Various types
of instabilities are described. The motivations, objectives and approach of this
work are discussed.
In Chapter 2, the theoretical formulation of a basic industrial pumping system
model is presented. The constitutive relations of system components are first dis-
cussed in some detail. The modeling assumptions and governing equations are
then developed. Two special cases of the basic model are analyzed in a qualitative
fashion, allowing for the mechanisms of instability to be physically described.
Chapter 3 presents an extensive analysis of the basic model developed earlier.
Specific forms of component constitutive relations are introduced. A steady state
analysis is performed which yields a typical industrial pumping system that is
fully described. The system's response to disturbances of finite magnitude is ex-
amined through non-linear simulations, while the stability of various operating
points under small perturbations is examined through linear stability analysis
techniques. The effect of system parameter variation on system stability is also
investigated. Different modeling assumptions are validated and the main obser-
vations are discussed. Finally, the driver speed control sub-system is incorporated
in the model and the dynamics of the new model are examined.
Chapter 4 discusses the role of additional components in the dynamics of
typical industrial pumping systems. The model developed earlier is augmented
with a recycle loop and the system governing equations are updated accordingly.
The dynamics of the overall system are examined through numerical simulations,
and the main observations are discussed.
In Chapter 5, the summary and conclusions of the study are presented and
recommendations for future work are suggested.
Chapter 2
Theoretical Formulation of a
Basic Industrial Pumping System Model
In this chapter, the theoretical formulation of a model that describes the dynamics
of a simple industrial pumping system is presented. The system consists of a tur-
bine driver, rotor inertia, compressor inlet duct, process compressor, plenum, and a
discharge valve. The formulation yields a third order mathematical description
that serves as the base-line model of industrial pumping systems. Two second
order models are also examined as special cases-the first recovers the simplest
form of Greitzer's surge model by considering the limit of infinite rotor shaft in-
ertia, while the second considers the limit of negligible fluid inertia in the
compressor inlet duct. Both models have the advantage of being amenable to
analytical investigation, yet, they capture the main features of the system's un-
derlying physics.
'To achieve this, the performance characteristics of the individual components
are first discussed. The modeling assumptions are established and the system
dynamic equations are developed. The linear stability of the resulting models is
then analyzed using a primarily qualitative approach. Finally, the physical
mechanism of instability is described. In the next chapter, the model will be ex-
tended further to include other characteristic features of more complex industrial
pumping systems.
2.1 Component Off-Design Performance and
Constitutive Relations
2.1.1 Compressor and Turbine Off-Design Performance
Background:
The dynamics of the overall system are largely influenced by the off-design per-
formance characteristics of the individual components, usually presented in the
form of pressure ratio-mass flow rate maps. A less common, but equally impor-
tant, representation for a turbomachine is the maps of torque and power
characteristics as a function of mass flow rate and rotor speed. These maps de-
scribe the constitutive relations whereby different system variables are related
across any given element. They are analogous to Hooke's law for a compliance
element in mechanical springs or Ohm's law for an electrical resistance, except
that for a turbomachine these relations have a more complex and non-linear na-
ture. Such complexity is the result of the complicated flow field and geometry
within the turbomachine.
For design purposes, the performance characteristics can be predicted using
advanced Computational Fluid Dynamics techniques, which is an active area of
research, or alternatively, using empirical methods based on previously tested
machines. For the purposes of the current study, it is sufficient to represent the
characteristic maps by simple mathematical relations provided that they capture
the general trends and critical features of real machines. The specific forms of
these relations are introduced in the following chapter.
In general, the constitutive relations of a compressor handling a compressible
single gas flow can be expressed in a functional form using dimensional analysis
[4:, 13].
Neglecting the effects of Reynolds number and dropping fixed geometric pa-
rameters, these relations can be written as,
Po,dis ATOC NS , _ f ,_ (2.1)
PO,suc TO,'Suc  PO,Suc j ,uc
where, Po,suc and PO,ai, are the total pressure at the compressor suction and dis-
charge stations respectively, r~c is the compressor efficiency, ATo,c = To,dis -
TO,u,, is the total temperature rise across the compressor, rhC is the mass flow rate
through the compressor and N is the rotor speed (rev/min).
Assuming constant conditions at the compressor suction and replacing the
temperature ratio with the power and torque, this becomes,
7rc, ?lc, Pc, Tc = f(rihc,w). (2.2)
where, 7rc , Pc and Tc are the compressor pressure ratio, power consumption and
torque respectively, and w is the rotor speed (rad/sec). It is useful to note that,
ba.sed on assumptions introduced below, only two of these four functions need to
be specified or determined experimentally, from which the other characteristic
functions can be derived. Figure (2.2) shows a typical example of the character-
istics described by equation (2.1).
For a turbine, it is common to consider the mass flow rate to depend on the
rotor speed and pressure ratio. Therefore, the constitutive relations of a turbine
can be written as [14],
myA aTo, N Po'in
rh, TO, -= f N p , (2.3)
PO,in Tuin TOin Po,out
where, the subscript T indicates a quantity on the turbine side, and the subscripts
in and out refer to the turbine inlet and outlet stations respectively.
The turbine constitutive relations can also be simplified by fixing the inlet
conditions,
rhT, 7]T, PT, TT = f(w,7rT). (2.4)
In the context of system dynamics, it is particularly helpful to specify the input
and output variables for a given element; i.e. to indicate which variables are im-
posed by the system and which are imposed by the element itself. For most
resistive elements, such a specification (referred to as causality assignment) can be
a matter of mathematical convenience. However, for capacitances, inertances, and
resistances with non-single valued constitutive relations, the input-output speci-
fication may reflect different boundary conditions and possibly different
dynamics. This issue can be made clearer by considering two different turbom-
achines; a compressor and a turbine. For a given compressor, the mass flow rate
and rotor speed are imposed by system boundary conditions (e.g. suction pressure,
discharge valve set-point) and the rotor torque balance respectively, while the
compressor responds with a corresponding pressure rise. However, for a given
turbine, it is the pressure drop and the rotor speed, imposed also by the system
boundary conditions and torque balance, that set the mass flow rate through the
turbine.
In physical terms, the difference between the compressor and the turbine con-
stitutive relations comes from the fact that within a compressor the work is done
by the impeller (or blades) on the fluid, thus producing an increase in the energy
content of the fluid in the form of pressure and temperature rise. The amount of
energy transmitted, and hence the pressure and temperature rise, are all dependent
on the speed of the rotor and the rate of mass flowing through it. In the case of a
turbine, the energy is transmitted from the fluid to the rotor. The pressure differ-
ence between the inlet and outlet represents the potential that drives the flow,
while the internal flow path through the turbine represents the resistance to the
flow. Therefore, the mass flow rate, and hence the amount of energy transmitted,
are controlled primarily by the pressure difference and flow resistance-the latter
being influenced by the rotor speed since moving parts within the turbine act to
increase the equivalent flow resistance. The effect of rotor speed on the turbine
mass flow rate is not substantial in regions of operation close to the design point,
nevertheless, changes in rotor speed have a more significant influence on the tur-
bine efficiency, power and torque [2, 26].
Simplification of Compressor and Turbine Characteristics:
In many practical cases, the constitutive relations of a turbomachine can be sim-
plified even further. For example, the flow in a low pressure ratio, low speed
compressor can be regarded as incompressible for which dimensional analysis leads
to the following functional form of the compressor characteristics [4],
APC2 c j A , (2.5)
Pc(W r)2  ( pc wr A.
or, APc = Pc (wr)2 c  c (2.6)
Pc wr A.
where, Ap = PO,di,- PrOc,- is the compressor steady state total pressure rise, Pc
is the density of the compressor flow, and Ic is the non-dimensional compressor
pressure rise characteristic function. Defining non-dimensional pressure rise and
mass flow rate as c - P= p C /(p r2 ) and ' = -rhc /(Pc w r Aj) respectively 1,
equation (2.5) can be rewritten as,
0'c - cf(C) . (2.7)
In this form, the rotor speed does not appear explicitly in the relation, which is
convenient whenever the rotor speed variations are small or unimportant. All the
speed lines in Figure (2.2) collapse to a single curve and the compressor becomes a
single port element with '4c and 0c as the effort and flow variables2 respectively.
Figure (2.4) is a typical example of such a presentation.
The compressor power and torque consumption can be estimated using simple
control volume analysis. Assuming an adiabatic machine with no mass storage
capacity, the first law of thermodynamics as applied to an open system (the
compressor in this case) can be written as,
PC = W * 7 = rhi0 CATc(rc , W) + c Apc(7Thi c , W), (2.8)
Pc
The same symbols, Oc and Vc) without the prime, will be used in the next chapter to indicate
a slightly different definition-the rotor speed at design point, w,,, will be used for non-
dimensionalization instead of w. The reason is that w will be a state variable in the formulation.
The prime is used here to differentiate between the two.
2 Effort and Flow variables are standard terminology in the bond graph notation used to
model dynamic networks. Each interaction between two elements in the system involving power
exchange is represented by a bond. Each bond is usually associated with an effort and a flow
variable such that their product is always the power transmitted through that bond. In me-
chanical systems, for example, these would be the force and velocity respectively. The compressor
can be treated as a single port element if the speed is assumed constant. Reference [19] introduces
a bond graph representation and a few applications of incompressible turbomachines. Reference
[15] provides a full coverage of the bond graph theory.
where ATc (rhc, w) is a characteristic of the compressor. Since the torque char-
acteristics will be required as an input in the following formulation, it can be
directly specified based on experimental data.
For the turbine, the assumption of constant rotor speed simplifies the consti-
tutive relation in a similar manner and allows the turbine to be modeled as a
throttle valve or even as a one dimensional compressible nozzle (usually choked).
Another simplification can be introduced by assuming constant pressure drop for a
turbine with no mass flow rate modulation. As the assumption of constant rotor
speed may be suitable for modeling a turbine within a jet engine [10, 17], it may
not be as suitable for an independent driver such as an industrial turbine. The
second assumption, however, is more applicable in the case of industrial turbines
as will be shown below.
Typical Compressor and Turbine Performance Maps:
Figure (2.2) through Figure (2.6) show typical performance characteristics of
compressors and turbines. Figure (2.2) is a typical compressor performance map
showing pressure ratio and efficiency as a function of flow rate. The pressure rise
curves (referred to as speed lines) terminate at the surge line where the compressor
flow field becomes unstable at such reduced mass flow rates, resulting in signifi-
cant deterioration of the compressor's pressure rise capabilities. The shape of the
speed lines to the left of the surge limit, including reversed flow conditions, may be
experimentally determined by appropriate averaging of transient performance
data [7, 8, 11]. In this study, the compressor characteristics, including the post-
stall region, will be approximated using simple mathematical functions (typically
quadratic polynomials). Figure (2.3) shows compressor power and efficiency as a
function of mass flow rate for different rotor speeds. Figure (2.4) and Figure (2.5)
show actual compressor pressure rise and torque characteristics respectively. Both
maps are presented in the form suggested by equation (2.5) and (2.17).
Figure (2.6)a is a typical turbine performance map showing the mass flow rate
versus the pressure drop for different rotor speeds. Two observations can be made
from the Figure; that an increase in the rotor speed results in a decrease of mass
flow rate for a given pressure drop, and that the maximum mass flow rate is lim-
ited by choking at some critical value of the pressure drop, which in turn depends
on the number of turbine stages. Figure (2.6)b is a different presentation of tur-
bine performance characteristics, in which the mass flow rate, efficiency and
torque are plotted against rotor speed for a given pressure drop. It can be seen
form the Figure that as the rotor speed is varied between the two extremes, the
mass flow rate varies only between 80-140% of the design point value whereas the
torque and efficiency vary between 0-300% and 0-100% respectively.
2.1.2 Inertance, Compliance and Dissipating Elements Constitutive
Relations
Two types of inertance elements are considered: mechanical and fluid inertia. The
constitutive relation for either is Newton's second law in its linear or angular form.
The compliance elements, on the other hand, are mostly fluid in which the com-
pression and expansion processes are assumed to follow a thermodynamic relation
that most closely describe the actual process, such as the isentropic process rela-
tion.
The dissipating elements, such as the compressor discharge valve, are also fluid
and their constitutive relations are typically non-linear, empirically determined
functions relating mass flow rate to pressure drop. Bernoulli's equation is some-
times used to represent the constitutive relation of such an element by dropping
the inlet kinetic energy term to account for the losses in the throttling process.
Such a crude approximation may be accepted provided that the pressure drop
across the throttle is small enough for the flow to be considered incompressible.
2.2 Development of the Base-Line Model
2.2.1 System Description
The considered system is shown in Figure (2.1). It consists of a turbine which re-
ceives high pressure and temperature gas (typically steam) and converts its high
thermal energy content to mechanical torque at the rotor coupling. The gas leaves
the turbine at a much lower pressure and temperature. The rotor, which repre-
sents the mechanical inertia element, drives a low pressure-ratio compressor that
receives low pressure and temperature gas (typically natural gas) from the suction
duct, which represent the fluid inertia element, and discharges it at a higher pres-
sure and temperature. The gas then passes through a relatively large volume
component, the plenum, that represents the fluid compliance element in the sys-
tem. The plenum may correspond to different process components in an actual
plant, such as condensate removing drums or separation columns. The considered
system ends with a compressor discharge valve that maintains the required com-
pressor back pressure during steady state and sets the overall system operating
point.
2.2.2 Formulation of Governing Equations
For a lumped parameter model to capture an oscillatory phenomenon, such as
compressor surge, it has to have at least one equivalent inertia element and one
equivalent compliance element. Greitzer's surge model [10], which assumes con-
stant rotor speed, models the fluid in the compressor duct and in the plenum as the
inertia and compliance elements respectively. Since the driver dynamics are of
interest in analyzing industrial systems, the following formulation introduces the
rotor shaft into the model as an additional inertia element. Further, a special case
that assumes the fluid inertia to be very small and the rotor polar moment of in-
ertia as the main inertia element is also discussed in order to emphasize the role of
rotor inertia and driver dynamics. Another special case is considered in which the
limit of infinite rotor inertia is assumed. This yields a second order model that
solely describes the compressor side and eliminates the driver dynamics.
Driver Model:
The turbine inlet total pressure and temperature are considered constant. At the
turbine outlet, a typical assumption is constant static pressure. However, if the
outlet gas velocity is relatively low, the total and static outlet pressures are ap-
proximately equal, and hence constant. As a result, all turbine characteristics,
namely rhT, IrT, PT and 7T, are functions of rotor speed only. Two of these
characteristics need to be specified to describe the performance of the turbine, for
example,
rnT = rhT(W), (2.9)
and, 7T T= rT(W), (2.10)
Typical examples of such characteristics are shown in Figure (2.6).
Other assumptions regarding the turbine model include the following: adia-
batic, irreversible, quasi-steady expansion process, dry gas at both inlet and
outlet, incompressible flow in the inlet and outlet pipes (low Mach numbers),
negligible fluid capacitance and inertia within the turbine, negligible mechanical
losses, no gas extraction and negligible gas leakage.
Rotor Model:
In this formulation the rotor includes the turbine and compressor rotating ele-
ments as well as a coupling device with no speed reduction.
Neglecting mechanical losses in the bearings and assuming a rigid rotor, the
conservation of angular momentum can be written as,
dw
J = 7 T - Tc, (2.11)
dt
where J is the equivalent polar moment of inertia of the total rotating assembly.
Compressor Inlet Duct Model:
The flow in the compressor inlet duct is assumed to be one-dimensional, incom-
pressible (low Mach number) and inviscid. It is further assumed that the flow is
uniform over the cross section of the duct and is not affected by any non-
axisymmetric flow field produced by the compressor. The total pressure at the
duct inlet is considered to be a constant boundary set by upstream components,
pi,,, = constant, whereas the duct total outlet pressure is assumed to be equal to
the compressor suction pressure, pu,out = PoS,,U
Based on these assumptions, the mass continuity as applied to the duct flow
shows that the instantaneous inlet mass flow rate is equal to that at the duct exit
and also through the compressor,
rh,,in = rhmot = rmh = PuAU,, (2.12)
where AU is the cross sectional area of the duct, p, is the constant fluid density in
the duct, and u, is the instantaneous axial flow velocity within the duct. The
axial momentum equation can be written for the duct flow as,
dt
which can be rewritten using equation (2.12) in terms of mass flow rate,
dh A P,n - P,out ) (2.14)
dt L U
Finally, the pressure differences APc = Po,dis - PO,suc = p - Pout, and Ap = p, -
Pu,in = Pp - Pu,out, are introduced to yield,
drbh A
dtc (- Ap, (rhc , w) - Ap). (2.15)dt LU
Compressor Model:
The compressor considered in this initial model is a low pressure ratio compressor
through which the flow of an ideal gas may be regarded as incompressible. Ini-
tially, it is assumed that the instantaneous pressure rise during a transient follows
the compressor steady state characteristics described earlier. This assumption is
commonly referred to as the quasi-steady assumption, and the compressor is said
to be an actuator disk.
Other assumptions regarding the compressor include the following: negligible
fluid inertia and compliance (mass storage) within the compressor, adiabatic ir-
reversible compression process, and negligible mechanical losses.
Following the arguments presented in the previous section, the compressor
pressure rise and torque characteristics are independently specified as,
APc (c rh, ) c c (2.16)
Pc (wr)2  c wr 
A 
(2.16)
and, = Fc c (2.17)
Pc (wr)2 r A Fc wr A '
from which the compressor power consumption may be obtained,
Pc = w 'c(rhc , w) . (2.18)
Plenum Model:
The fluid in the plenum is assumed to have spatially uniform properties and neg-
ligible velocity. Further, the compression and expansion processes within the
plenum are assumed to follow the isentropic relation,
S= constant, (2.19)
PP
where, p, is the gas pressure in the plenum, which is equal to the compressor dis-
charge pressure PO,dis, Pp is the fluid density in the plenum, and 7 is the ratio of
specific heats for the gas being pumped. Differentiating equation (2.19) and utiliz-
ing the ideal gas law,
7 PP 2
dpp = dpp = R T, dpp = ap dp , (2.20)
p,
where, R is the gas constant, T, is the fluid temperature in the plenum
(approximately equal to compressor discharge total temperature), and a, is the
local speed of sound. The compressor temperature rise is relatively small so the
variations in the discharge total temperature, and thus the plenum temperature,
are even smaller; and hence negligible (see [10, 11] for detailed argument regarding
this assumption), i.e.,
7 R T, - R To,IM, = constant - a , )
where, a is the speed of sound based on the conditions at the suction.
the pressure and density in the plenum can be related through,
dpp - a' dpP,
Therefore,
(2.22)
The mass continuity equation for the fixed volume plenum can be written as,
V
" dt
which, utilizing equation (2.22), can be written in terms of plenum pressure,
V dpp
a dt
MrC - MV,
where, VP is the volume of the plenum, and rhv is the mass flow rate leaving the
plenum through the compressor discharge valve. It is convenient to write the
above equation in terms of pressure difference, namely Ap = pp - pu,,, instead of
the plenum pressure, pp,
d(Ap)
dt
(2.25)
2
a (rh cVp
Compressor Discharge Valve Model:
The flow through the discharge valve may be treated as incompressible provided
that the pressure drop across the valve is small enough for such an assumption to
be made. Fluid inertia and unsteady effects are also assumed negligible.
The mass flow rate through the valve can be expressed in a functional form as,
rhp 
(2.26 
AP)
(2.23)
(2.24)
(2.21)
T• )
- rhc -- yv ,
- Thv).
, kv) , (2.26)
where, Apv = pp - pv,out, is the pressure drop across the valve, Pv,out is the con-
stant pressure (boundary condition) downstream the discharge valve, and k y is a
discharge coefficient that depends on the valve opening set-point. Another sim-
plifying, but not necessary, assumption is to consider the compressor duct inlet
pressure, p,,•,,, equal to that at the system exit, Pv,o,,,, in which case Apv is equal
to Ap (and also equal to Apc during steady state). The discharge valve mass flow
rate can thus be written as,
rh7 = rv(Apk). (2.27)
Figure (3.4) shows an example of a typical valve map with different opening set-
points.
System Model:
The overall system dynamics are governed by the equations of angular momen-
tumrn, axial momentum and mass conservation as applied to the rotor, inlet duct
and plenum respectively. Incorporating the constitutive relations for different
elements, given by equations (2.10), (2.17), (2.6) and (2.27), the resulting set of non-
linear ordinary differential equations become,
dw 1 _d_ = 1[ -(W) - T0(Th , W)] (2.28)
dt L
d(Ap)_ a2dt - i rh - rhy (Ap)]. (2.30)dt V
The states are the rotor speed, w, and the compressor mass flow rate,
rhc
, associated with the mechanical and fluid inertia type of energy storage ele-
ments, and the plenum pressure expressed in terms of the pressure difference Ap
= - p,,i,,, associated with the capacitive type of energy storage elements. Four
non-linear constitutive relations are required as an input to the model.
Linearization of Base-Line Model Equations:
Following the standard linearization technique for autonomous, first order, non-
linear, continuous systems [18], the linearized version of the model may be for-
mulated using Taylor's series expansion about some steady state operating point,
say (wo, Apo, rhco) where all the derivatives with respect to time are identically
zero. Assuming &, rhC and AP to be small perturbations around the operating
point, the linearized system equations can be written as,
dij 1 7 O7c 1 7c
dt J Ow Ow J Orho (231)
dTh AU O(APc) O(Apc) 1SPc)L w 0 r - AP (2.32)
dt L, Ow o Orhc o
d(Ap) a2  Ofid( -- m Ap ] (2.33)
dt a(aP
where all the partial derivatives are evaluated at the operating point.
The following notation is used to denote the partial derivatives in the above
equations. For instance, derivatives of the turbine and compressor torque func-
tions are denoted as TT,~ and Tc,, respectively, where the first subscript refers to
the component and the second subscript refers to the independent variable, w in
this case, used as basis of differentiation. Similarly, the following parameters may
be defined. Tc, = c/ ,c,, 07c/w= (A P, =)/ a, Pc,m, = a (APc)/r c, and
My,, = a rT /la(ApC).
The linearized system equations are then written in the standard matrix form,
(:k = A x), in the absence of external forcing as,
1 1(T - -T T 0Tj W CV C,m0
A A A_
Pc,w Pc,,LU LU Lu
2 2
a a MV,p
V V '
P P
[ c 1. (2.34)
AP_
The coefficients of the characteristic polynomial3 are given by,
a = A(T 1 a2a2  - Pc,m +- T T W V- T, v
1 A a
a 41  TW - TC,W) PC M Vp (2.35)
+A 1 Pc,WTc, + (I - Pc,mMvp)L U J VP
a o  a2A [kT, - TC,w) (1 - PcMV,P) - PcWTc,mMV, j
and must satisfy the following conditions to ensure that all the roots have negative
real parts: a2 > 0, a, > 0, a0o > 0, a2 al > a0. Unfortunately, further analytical
investigation of the system at this point results in complex stability conditions
3 The characteristic polynomial may be obtained from det(A-AI) = 0, and for a third order
system it takes the form A+ a2A + a1A+ ao = 0. The linear stability of the operating point of
interest can be examined by testing the roots of the characteristic polynomial, or alternatively by
testing the coefficients a2 , aI and ao according to the Routh-Hurwitz criterion [18].
d
dt
that do not shed much light on the physics of the system. Instead, the conditions
described above will be considered again in the next chapter when the system pa-
rameters are assigned typical numeric values. Nevertheless, the analytical
approach can be utilized to examine two special cases of the base-line model;
namely, the limit of infinite rotor inertia (J -> oo), and the limit of negligible fluid
inertia in the compressor duct (L u -+ 0).
2.2.3 Analysis of Two Special Cases of The Base-Line Model
Case 1: Infinite Rotor Inertia
This assumption implies that the rotor inertia response to torque differences is
much slower and less significant than the dynamics of the rest of the system.
From equation (2.28), as J approaches infinity the time derivative dw/dt vanishes
and the rotor speed, w, becomes a constant. The resulting simple model, now
represented by equations (2.29) and (2.30), is analogous to the basic fluid oscillator
known as the Helmholtz Resonator. Different forms of this model have been in-
vestigated and utilized by many authors [3, 5, 9, 10, 16, 17]. A summary of this
system's stability analysis is presented for comparison purposes with the next case.
The characteristic polynomial 4 is obtained from the linearized system equations
(the second and third in (2.34)) as,
4 The standard form of the characteristic polynomial for a second order system is given by A2
+ (2(w,,)A + (w,,)2= 0, where w,, is the undamped natural frequency and ( is the damping ratio.
The stability is deter ined by the sign of the coafificient of A and the constant coefficient. Both
(2(w,,) and (w,,)2 must be greater than zero to satisfy the conditions of dynamic and static sta-
bility respectively-the former being associated with the rates of feeding and dissipating energy
from the system while the latter being associated with the balance of efforts (i.e. forces, pressures
or torques) within the system.
VP Pv,m Lc VPLu Pv, ' (2.36)
where, Pv,m =
.p(rh V ,w). This
1/MV,, is the slope of the discharge valve characteristic,
yields the following dynamic and static stability conditions re-
spectively,
a2 L, 1
Pc,m < V, A, Pv,rn
Pc,m < Pv,m ,
(2.37)
(2.38)
From these conditions, it can be shown that:
the dynamic stability limit is reached before the static stability limit as the
operating point is moved from right to left by reducing the mass flow rate,
Figure (2.7).
* for typical values of system parameters, the dynamic stability
left of, but close to, the peak of the compressor speed line.
proximation is to use Pc,m < 0 as the stability criterion.
limit is to the
A good ap-
* the static stability limit is only determined by the slopes of the compressor
and the discharge valve characteristics, whereas the dynamic stability limit
depends additionally on the ratio of inertia to capacitance in the system,
L,/V,. The dynamic stability limit moves further to the left as this ratio is
increased.
* non-dimensionalizing the pressure difference as (Ap/p(wr)2 ), and the mass
flow rate as (rh /p(wr)A,), yields a system of equations primarily controlled
by Greitzer's B-parameter defined as,
wr V - wrB =- A: = (2.39)
2a Au L, 2w H L u
where wH is the Helmholtz resonator natural frequency. The B-parameter
can be given different physical interpretations, one of which is the ratio of
compliance to inertia in the system. Therefore, it influences the system's
dynamic stability limit. The significance of this parameter extends to the
non-linear analysis where it controls the mode of instability as surge or
rotating stall [10, 11].
the system operating map, Figure (2.7), can be divided into three regions in
terms of stability: the negatively sloped part of the compressor speed line
where the system is always stable (e.g. point A), the positively sloped part
of the compressor speed line (yet less positive than the valve slope) where
the dynamic stability is set by the Lu/V, ratio (e.g. point B), and the posi-
tively sloped part of the compressor (more positive that the valve slope)
where the static stability criterion is violated and the system is unstable
regardless of the Lu/VP ratio (e.g. point C).
Case 2: Negligible Fluid Inertia
In this case, the inertia and compliance elements are the rotor and the plenum
respectively. This simple second order model includes the driver and rotor inertia
dynamics and thus emphasizes their role in the overall system dynamics.
The mathematical representation is obtained by setting the length of the
compressor inlet duct, L,, to zero in equation (2.29) as follows,
Ld c A Apc(rc ,) - A 0 (2.40)
dt
The resulting non-linear algebraic equation states that Apc(ric, w) = Ap, which
may be solved for rhc provided that the compressor operation is limited to regions
where the pressure rise-mass flow rate characteristic function, equation (2.6), is
invertable,
rihc = rhc(Ap, w) = pw rA. Ic1 2 2, (2.41)
The system equations can then be written as,
dw = [ TT(W) 
- Tc(Ap,w)], (2.42)
dt J
d(Ap) a 2d(A) - • i[c (Ap, w) - rhvy(Ap)]. (2.43)
dt V
Since the inverse of the full compressor map is not single valued, Figure (2.4), it
follows that the validity of this model is constrained to the neighborhood of some
operating point around which this condition is satisfied. Therefore, the system
described by equations (2.42) and (2.43) can not be used to simulate the non-linear
surge behavior, nevertheless, it can be utilized to investigate the linear stability of
a typical operating point.
Following the same linearization technique and notation used in the previous
section, the linearized system equations are given by,
dw [(TTW - TGW) 1Tcap
dt a 2 Mp]W a 2 (MC'AP MVAP, (2.44)
P VP (2.44)
from which the characteristic equation can be found as,
12 +
+A (TT 'WTCW)+(Mc', -M, ,)
S(2.45)
[(T,w - Tc, (M, - M ) + MCWTCP,] 0.JVP
The dynamic and static stability conditions translate to,
p(cW - Tr >aJMCP p VP) (2.46)
(Tc', - TTW) (M Mc Vp) <MCwTCIp (2.47)
respectively. A comparison to case 1 leads to the following observation,
* the slopes Mc,p and Mv,P are equal to 1/Pc,m and 1/Pv,m respectively.
These slopes were decisive to the stability in case 1.
* four additional slopes (TT,, , Tc,, I Tc,p and Mc,,) appear in case 2 due to
the driver and rotor speed variations.
* similar to case 1, the static stability criterion depends only on the slopes of
different characteristics whereas the dynamic stability criterion depends
also on the ratio of inertia to compliance, J/V,.
* Using typical values of these slopes, shows that the stable operation region
can be extended to include a larger section of the positively sloped portion
of the compressor speed line by reducing the value of J. This is due to the
stabilizing effect of shaft dynamics which is discussed in the next section.
2.2.4 Physical Mechanism of Instability and Interpretation of Stability
Criteria
Discussion of Case 1
The physical mechanism of static instability can be understood by considering
different steady state operating points on the map in Figure (2.7). For the nega-
tively sloped part of the characteristics (e.g. point A), the pressure imbalance
produced by perturbing the compressor mass flow rate will always act to restore
the original operating point.
For instance, a small increase in the compressor flow causes the compressor
pressure rise capability to decrease (according to slope of the speed line). The ple-
numn, which provides the back pressure for the compressor, is at a higher pressure
than what the compressor can deliver, and starts building up even more pressure
due to the increased inlet mass flow from the compressor. The pressure imbalance
between the plenum and the compressor discharge soon begins to decelerate the
compressor flow, while the higher pressure transient in the plenum allows the dis-
charge valve flow to increases, hence restoring the original plenum pressure and
compressor flow. The system will always follow this behavior as long as the op-
erating point is to the right of the peak and the perturbations are small enough for
the linearized equations to hold. Note that the stability criteria, given by (2.37)
and (2.38), are both satisfied in this part of the map regardless of the values of L,,
V,P and A,.
In contrast, any flow disturbance (say increase) for an operating point located
in the positively sloped part of the compressor speed line (yet less positive than the
valve characteristic, point B for example) causes the compressor pressure rise to
increase according to the positive slope. The plenum starts building up pressure
due to the increased inflow. The plenum pressure in this case always remains be-
low that of the compressor discharge capability since the compressor follows its
speed line instantaneously while the plenum lags behind due to its capacitive na-
ture. This pressure imbalance keeps the compressor flow accelerating and more
flow enters the plenum. Meanwhile the pressure difference across the discharge
valve increases and so too does its flow. Note that because the valve slope is
higher than the compressor, the flow through the valve is always less than the that
through the compressor for a given plenum pressure, Figure (2.8)a.
The dynamic stability of such an operating point is determined by how rapidly
these two actions (acceleration of the compressor flow and the pressure build up in
the plenum) take place. The criticality of inertia to compliance ratio, L,/Vp, to
the stability in this part of the map can therefore be seen by considering two ex-
treme cases. For a very large LIV,, the small volume causes the plenum pressure
to increase almost immediately as a response to an increase in mass inflow, the
result of which is minimizing the pressure imbalance between the compressor and
the plenum, hence minimizing the driving force that accelerates the compressor
flow. The large inertia of the flow makes it even more difficult for the small
pressure imbalance to produce significant acceleration. The discharge valve flow
increases also as a response to the plenum increasing pressure, yet it remains less
than the compressor flow (due to the more positive slope) and helps maintain the
sufficient pressure in the plenum.
On the other hand, a very small L,/VP ratio causes the large volume plenum to
respond very slowly to an increase in mass inflow. The plenum pressure, which
remains almost constant, maximizes the aforementioned pressure imbalance,
causing rapid accelerations of the compressor flow (small inertia) while minimizing
the effect on the discharge valve outflow. The result is that the system departs
further from the original operating point.
Therefore, it can be shown that there is a critical value of LUV, that sets the
dynamic stability limit of the system at that operating point. The above scenarios
can simply be verified by linear simulations of the system equations.
The third category of operating points that could exist is also on the positively
sloped part of the compressor speed line but with a higher slope than that of the
valve, Figure (2.8)b. In this case, the static stability criterion is violated. The
physical mechanism of instability is independent of the inertia to compliance ratio.
Considering an increase of the compressor flow produces a higher compressor
pressure rise to causing the plenum pressure to rise. At this new pressure, the
valve will discharge more flow out of the plenum than that supplied by the com-
pressor (due to the difference in slope, Figure (2.8)b). The negative net inflow
through the plenum tends to decrease its pressure, hence drawing more flow from
the compressor and departing further from the original operating point. This se-
quence of events is only dependent on the slope of the compressor and discharge
valve characteristics.
Discussion of Case 2:
In this case, similar arguments hold as far as the initial response of the com-
pressor, plenum and discharge valve, to a small perturbation in mass flow rate is
concerned. The main difference, however, is that as the compressor operating
point starts to move along its pressure rise speed line, its torque changes and a
torque imbalance across the rotor is produced. As a result, the rotor speed changes
and the compressor moves to another speed line. The turbine operating point will
also change, according to the change in rotor speed, by passing different amount
of flow and producing different torque. Therefore, depending on the shape (or
local slope for linear analysis) of the compressor torque and pressure characteris-
tic, the system response will either return to or depart from that operating point.
For example, starting from point A in Figure (2.9), an increase in compressor
mass flow rate corresponds to a decrease in pressure rise across the compressor. It
also corresponds to a decrease in its torque causing the rotor to start spinning up
while the pressure imbalance between the plenum and the compressor is decelerat-
ing the compressor flow. The increase in rotor speed will soon reverse since the
compressor will move to a higher torque speed line and the turbine will provide
less torque. The final result is the restoration of the original operating point.
To understand the stabilizing effect of the shaft dynamics, consider an operat-
ing point to the left of the peak of the compressor pressure rise speed line, point B
in Figure (2.9). An increase in compressor flow results in an increase in both its
pressure rise and torque consumption. In this case the torque imbalance across the
rotor will cause it slow down moving the compressor operating point to a lower
speedline and thus to a lower pressure rise. Now the larger pressure imbalance
between the plenum and the compressor discharge is more effective at decelerating
the compressor flow and restoring the original operating point. It is important to
notice that the rate at which these changes take place is of particular importance.
A rotor with very small inertia will slow down rapidly (relative to the dynamics on
the compressor side), hence moving the compressor to a lower pressure speed line
and providing the maximum pressure imbalance needed to restore the original
point. On the other hand, a very large rotor inertia tends to remain at the same
speed while other transients take place.
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Chapter 3
Simulation and Analysis of a Basic
Industrial Pumping System Model
This chapter presents a more elaborate analysis of the base-line model developed
earlier. Specific mathematical forms of the turbine, compressor, and discharge
valve constitutive relations are introduced. A simplified steady state analysis is
performed to establish the steady state operating point. The resulting non-linear
system of equations is numerically integrated under different kinds of distur-
bances and with different values of system inertia and compliance. The stability
of the system at various operating points is also examined utilizing a linearized
version of the equations. The validity of different modeling assumptions in the
context of industrial pumping systems is also assessed.
The model is then augmented to include a turbine speed control system. The
dynamics of the augmented model is examined by means of numerical simulations.
Finally, general observations are assembled and discussed to explain the physics of
the system and emphasize their practical significance.
3.1 Model without Turbine Speed Control
The considered system is represented by the model developed in the previous
chapter as the base-line model, Figure (2.1). The same modeling assumptions
described in section 2.2 still apply.
3.1.1 Formulation of Governing Equations
Turbine:
The turbine constitutive relation, given by equation (2.4) in a functional form, can
be represented by the "ellipse law" which was first suggested by Stodola [24] as an
empirical relationship, and was later given an analytical basis by Horlock [14]. A
modified version of the ellipse law that accounts for rotor speed changes and that
is consistent with the functional form of the turbine characteristics can be written
as,
e2o,i _= el 1 - 2  . (3.1)PO,in TOin T
The turbine inlet temperature, To,i,,, is assumed to be constant throughout this
study. The inlet pressure, however, is assumed constant only in the current case
where no turbine speed regulation is considered. Thus, for generality purposes the
turbine mass flow-pressure ratio relationship can be written as,
rhT = po,in e1 , (3.2)
where e1 and e2 are constants specific to the turbine of consideration, and are to be
determined based on actual steady state performance data.
The turbine torque characteristic is obtained from the steady state energy
equation as,
T = h T C p,T To,in, 1 r-- (3.3)
0 7"T
InLitially, both the turbine efficiency and pressure ratio are assumed constant.
Hence, the turbine mass flow and torque are function of rotor speed only. Figure
(3.1) shows the turbine characteristics described by the above relationships. It can
be seen, by comparison to typical data such as that in Figure (2.6). that these re-
lationships capture part of the main trends of the turbine behavior.
In this model it is assumed that the turbine fluid is superheated steam at both
inlet and exit. The thermodynamic properties are assumed to follow the ideal gas
law for simplicity.
Compressor:
The(, compressor constitutive relation can be represented by two simple quadratic
polynomials that cover the whole operating range including the post-stall region.
Utilizing the non-dimensional forms presented by equations (2.5) and (2.17), the
following polynomials can be introduced,
Ap(m', w,03) PC. (+ I + C ,, 0' < 'O
alld,
bT, f + br, +' < 0
W),(,(, T-) PC(•)2  A • C• + b, 0•"•4 (3.5)
b5•fc2 + bc,6' + b, f, >
where, c1, c.,..., c(, and b1, b2,..., b7, are constant coefficients of the pressure rise and
torque characteristics respectively. These coefficients can be calculated to match
actual performa nce data of the machine considered in the study.
Figure (3.2) and Figure (3.3) show the compressor characteristics predicted by
the above relationships in both dimensional and non-dimensional forms. C1onpar-
ing these characteristics to typical measured data such as those presented in
Figure (2.4) and Figure (2.5), shows close agreement in terms of the values of the
variables and slopes in different regions of operation. However, the typical data,
shown in Figure (2.4) and Figure (2.5), of that particular compressor exhibit some
additional features, such as hysteresis, not captured in this model.
Compressor Discharge Valve:
A silnple non-linear form of resistive element constitutive relations is adopted
here. The niass flow-pressure drop relation, expressed by equation (2.27) in
functional form, can be given the form.
th ( = V(PV.i f); )- / ko  (3.6)
and by assuming that p,- ,,,,, = p,,,,, and pr,,, = p1 ,, the discharge valve constitu-
tive relation can be written as,
Figure (3.4) shows the discharge valve characteristic described by the above
equation.
Summary of Base-line model system equations:
The system dynamics are governed by the following set of non-linear ordinary
differential equations,
d T ) - T1 (, (( w)] (3.8)
d -hC A ll (,< ,) -- AA p ], (3.9)
dt L
d(Ap) a2d(Ap) -a - rh (Ap)], (3.10)dt VP
where all the non-linear constitutive relations, namely 7T, TC, APc and rhy , have
been specified above.
3.1.2 Non-dimensionalization of Governing Equations
Following a typical non-dimensionalization procedure, similar to that adopted by
IGreitzer [10], yields an equivalent set of equations given by:
d = 4 [ p* FT() - F4(c c, ) ], (3.11)d7 J
dqc = 47rB*[ 4c1(c q,) 
- Ic J, (3.12)
dT
d _ # xd 
- - c - v ( c) ]. (3.13)dr B*
Table (3.1) lists the main variables in the above equations and the reference
quantities used for the non-dimensionalization, which results in the following
characteristic parameters:
B* wdr VP • wdB* = , (3.14)
2 a AuL, 2 wH LU
J* (3.15)
PC r4 LU
and, T, (3.16)
Pc
Since the fluids in the turbine and the compressor are assumed to be the same
through out, only the first two parameters remain of interest; namely B* and J*.
B* is essentially the same as Greitzer's B-parameter introduced earlier by equa-
tion (2.39), except that now it is based on the design point value of rotor speed.
Similarly, in all other non-dimensionalizations involving rotor speed, the design
point value has been used since the rotor speed it self is a state variable in this
model.
B* can be viewed as the ratio of effective fluid compliance to effective fluid
inertia on the compressor side, while J* can be viewed as the ratio of effective
mechanical inertia to effective fluid inertia in the system. This non-
dimensionalization has captured the similarity in the system and reduced the
number of system physical parameters from three (J, L,, and Vp), to two non-
dimensional groups (B* and J*).
Quantity Name Reference Non-dimensional
Quantity Variable
w rotor speed wd
rhc compressor mass flow rate Pc Wd r A, Oc
Ap system pressure rise PiC (wd )2  Oc
t time T, = 27r / w,
Tc compressor torque ic (wdr)2 r 3  ]C
TT Turbine torque PT.,, (Wdr)2 r 3  FT
Apc compressor pressure rise Pc (d r)2  c(, Q)
vit compressor discharge valve Pc wd r A,, y,(p)
mass flow rate
compressor discharge valve kv,d
coefficient
Table (3.1) Base-line model non-dimensional variables and parameters
In order to study the dynamics of the system, a steady state operating point
(design point) must first be established to provide the mean point which a line-
arization process can be performed about, or to provide a suitable set of initial
conditions for the numerical integration of the non-linear system. The steady
state operating point is at the intersection of the compressor and the discharge
valve characteristics, and when the compressor and turbine torques are balanced.
To establish that point, a simple procedure is adopted in which part of the system
variables and boundary conditions is specified based on typical industrial data,
while the remaining part is calculated from component matching at equilibrium.
Table (3.2) lists the values of critical system parameters resulting from such a
procedure. Similarly, nominal values of system physical parameters, such as rotor
inertia, plenum volume, etc., are selected based on typical industrial values. It
should be noted however that industrial systems exist in numerous sizes. The
choices made here are merely a representative example. Table (3.3) lists the
nominal values of the system physical parameters both dimensional and non-
dimensional.
Quantity Value Unit Note
Turbine
7'T 8.0 non-dim. design choice
To,i,
,  650.0 K design choice (710 OF)
To,out 409.9 K calculated from using 7r, and raT
rh 25.0 kg/sec design choice, function of rotor speed
7rT 90% non-dim. design choice, initially constant
PT = Pc 11.2407 MWatt calculated (steady state matching)
7 T = T C 14.051 kN.m calculated (steady state matching)
Table (3.2) Values of system variables and boundary conditions at design point.
Parameter Value Unit Note
J 200.0 kg.m2 based on data given by [24]
r 0.5 m assumed equal for both turbine and compressor
L,  10.0 m based on a relatively short upstream piping section
A, 0.0855 m 2  based on 0.32 m pipe diameter (approx. 13")
V, 50.00 m3  based on approximate size of a process column
B* 3.15 - calculated, equation (3.14)
J* 58.44 - calculated, equation (3.15)
Table (3.3) Values of system physical parameters
3.1.3 Linear Stability Analysis
The linearized version of the system governing equations, given by equation (2.34),
is now utilized to examine the stability of various operating points on the operat-
Compressor
OC 0.5 non-dim. design choice
0.75 non-dim. design choice
800.0 rad/sec design choice (; 7640 rpm)
Pc 5.476 kg/m average density of compressor flow. (calculated)
rihe 93.67 kg/sec calculated
Ap e  0.657 MPa calculated
7rc 2.46 non-dim. calculated
Discharge valve:
PV.Out 0.45 MPa design choice (equal to p,,.,,) . Boundary condition
ky 74.9 (kg.m)-l calculated
mh 93.67 kg/sec equal to rhC at design point
ing map as the two non-dimensional parameters B* and J* vary. For each value
of the discharge valve coefficient, (v, there exists at least one possible steady state
operating point (fixed point) at which the two characteristics of the compressor
and the valve intersect. The eigenvalues of the system's A matrix, equation (2.34),
are examined at each fixed point with different combinations of B* and J* values.
The choice of (v values is based on the analysis presented in section (2.2.3) where
it was shown that the stability limit lies to the left of the compressor characteris-
tics peak ((V,peak = 1.7 for the given compressor). Therefore, values of 1.72 to 2.3
were used for (v, where B* and J* were varied between 10- 4 and 10 , all for a
single compressor speed line.
The results of this exercise are shown in Figure (3.5). In part (a) of the figure,
the stability of one fixed point, namely (v = 2.0, is examined. The curve shown
devides the plane into a stable and unstable range of B* and J* combinations. In
part (b) of the figure, the stability of additional fixed points is shown. Each curve
in. the figure corresponds to a single value of (v (i.e. one throttling position or one
fixed point), and splits the plane into a stable and unstable regions-the stable
part being always associated with the lower values of B* and J*. Considering, for
example, the curve corresponding to (v = 1.8, it is found that for values of B* less
than 0.6 the fixed point is stable regardless of the value of J*. However, for
slightly higher values of B* there exists a corresponding critical value for J* be-
low which the system is stable at that particular fixed point. Furthermore, for
very high B* stability of that fixed point becomes totally dependent on J* alone.
Increasing the throttling setting, (v, slightly further (up to 2.15), causes the
stable region of B* and J* to shrink, while maintaining the same qualitative na-
ture of the dependency between B* and J* in determining the stability. That
dependency changes once a critical value of (v is reached. Any further throttling
beyond that critical point starts to diminish the stabilizing effect of the driver
dynamics. At a throttling setting of 2.3, the stability boundary becomes almost a
horizontal line below which that fixed point is stable regardless of the value of J*
This figure is used as a guide in selecting values for B* and J* to demonstrate
both the stable and unstable transient behavior of the system.
3.1.4 Simulation of the Non-linear Model
The numerical integration of the system's governing equations (3.8-10 or 3.11-13)
was carried out using the MATLAB computational environment and the appro-
priate toolboxes. In order to enhance the reliability of the numerical results, the
simulations were carried out repeatedly with different time steps and integration
routines. The results presented in this study showed no sensitivity to either of
these factors.
The system's response to a step input in the compressor discharge valve set
point is first examined by abruptly changing the value of C( (increasing (y repre-
sents closing the valve and moving the operating point to the left on the
compressor map). The time at which the step occurs is generally at 20% of the
total time of the simulation, and is indicated in the caption of each figure. In the
following simulations, it is assumed that the system starts from a stable steady
state operating point, at which the values of the states represent the initial con-
ditions to the integration routine. Two examples are presented in Figure (3.6) and
Figure (3.7). The first is a demonstration of the post-stall behavior achieved by
throttling the discharge valve beyond the stability limit predicted by the linear
analysis in the previous section. The response takes the form of sustained oscil-
lations in all three states of the system with a period called the surge period. In
this simulation the nominal values of B* and J* were used (3.15 and 58.44 re-
spectively). The second simulation shows the stabilizing effect of small values of
B*, specifically B* = 0.1, where values of 5.0 and 58.44 were used for (v and J*
:respectively. The response took the form of a quick oscillatory transient that died
out, approaching a new stable operating condition on the positively sloped part of
the compressor characteristics, which corresponds to a mode of compressor op-
eration known as rotating stall. Rotating stall is captured by the current model
only by means of the axisymmetric characteristics provided as an input, and al-
though rotating stall is known to be an instability local to the compressor, this
model presents it as a stable system operating condition. It is characterized by
operating at reduced mean compressor flow and pressure rise. At such a condition
the internal compressor flow field is unstable, however, the system does not have
enough compliance (i.e. B* is small) to sustain surge oscillations.
The effect of B* and J* on the post-stall behavior of the system is examined
through a series of simulations with parameter values selected from Figure (3.5)
such that a system instability (surge) occurs. The simulations start by perturbing
the system (small offset in initial conditions) from an unstable fixed point at (v =
2.1. B* is varied from 1 to 20 and J* is varied from 1 to 1000. The results are
summarized in Figure (3.8). It can be seen from the figure that B* has a dominant
effect on the surge period confirming that the instability is an interaction between
the fluid compliance and fluid inertia (captured in B* ) on the compressor side. It
can also be seen that at high values of B*, decreasing J* has the effect of increas-
ing the surge period. That can be explained by recalling that small values of J*
have a stabilizing effect which causes the surge cycles to be further apart.
3.2 Assessment of Model Assumptions
3.2.1 Effect of Driver Efficiency Variations
In the formulation above, it was assumed that the turbine efficiency is constant.
However, during a transient the turbine mass flow rate, torque supply and effi-
ciency are expected to change. The changes of mass flow rate are captured by the
turbine constitutive relation given by equation (3.2). Turbine torque is obtained
by applying a simple control volume energy balance for the turbine, and is found
to depend on the turbine mass flow, pressure drop and efficiency, as can be seen
from equation (3.3). Thus, the assumption of constant efficiency plays a role in
determining the torque supply from the turbine. Furthermore, the rotor inertia
acceleration is controlled by the balance of compressor and turbine torques. Since
it was established that the turbine pressure ratio is constant, the efficiency is only
a function of rotor speed (section 2.2.2). Figure (2.6) shows a typical variation of
turbine efficiency with rotor speed for a given pressure ratio. Such a trend can
simply be captured using a single quadratic polynomial as follows,
T T(w) = f (W - f2) 2 + f3, (3.17)
where f , f 2, and f 3 are constant. Assuming that the turbine best efficiency point
is at the design point, and realizing that the turbine efficiency is zero at zero speed
and at no load speed (runaway speed) these constants can be found as:
fi = -(f 3 /f 2), f2 "= T,max, f3= Wd.
Figure (3.9) shows the resulting efficiency, mass flow and torque as a function
of rotor speed. Comparing the torque variation in this case to that used in the
simulations above, and shown in Figure (3.1), shows that for rotor speed values
between 60% and 200% of design speed, introducing efficiency variations does not
have much effect on estimataingthe torque. For rotor speeds below 60% of design,
the constant efficiency assumption results in overestimating the turbine torque by
almost a factor of 2.
The impact on dynamics can be assessed by examining the maximum fluc-
tuations in rotor speed during a transient. In the above simulations, maximum
speed fluctuations occurred during surge cycles with small values of J*. In all
cases the minimum speed was always above 60% of design speed. Thus introduc-
ing efficiency variations would not make any significant effect.
However, when considering large transients involving reduced rotor speeds, the
efficiency variation would be a more suitable choice. Examples of such transients
are system shut-down, system start up, and the recovery from surge using a re-
cycle line.
3.2.2 Effect of Compressor Pressure-Rise Time Lag
The assumption examined here is the quasi-steady behavior of the compressor.
Data show that in certain ranges of the compressor operating map, the compressor
pressure rise does not respond instantaneously to changes in mass flow rate. In-
stead, it lags behind in a manner similar to that of a first order system response.
To capture this effect, a first order time lag is introduced to link the quasi-steady
pressure rise that follows the compressor characteristics, and the actual lagging
pressure rise. Mathematically, this can be stated as,
d( Apc,it )
Tlag dtj A pC -- pcinst (3.18)
Sdrhltag 0 < €'c <  C'k and d  < h
where, ag a = < peak dt (3.19)
0 elsewhere
and Apc,i,.•• is the compressor instantaneous pressure rise. This formulation was
first introduced by Greitzer [10]. He concluded from available data and from
numerical simulations that the dynamics of the basic compression system con-
sidered in his study has a weak effect on the overall system dynamics. Similar
findings were concluded using the base-line model together with equation (3.18),
where simulations with and without this effect came out almost identical. This is
due to the fact that the time lag constant is a property of the compressor and is
usually proportional to a certain number of rotor revolutions needed to develop
the stall cell in the compressor. This number of rotor revolutions is roughly the
same for a wide class of compressors. In addition, this time lag is in effect only in
a limited region of the compressor map, as indicated by equation (3.19), where the
compressor operating point is moving towards the stall line. In other regions of
operation, data show that the compressor pressure rise adheres closely to its quasi-
steady characteristics. Nevertheless, the inclusion of this effect has a minor sta-
bilizing effect. That can be explained by recalling (from section 2.2.4) that the
stability limit to the left of the characteristics peak is affected by the amount of
pressure imbalance between compressor discharge and the plenum. A compressor
with a pressure rise time lag would produce lower discharge pressure than that of a
quasi-steady compressor at any given time during the transient. Thus, the pres-
sure rise time lag results in a less positive effective characteristics slope, Figure
(2.8)a.
Although the value of the time lag constant could be obtained from experiment
for existing machines, it is useful to know that current CFD models of the com-
pressor internal flow can explain and quantify such a phenomena.
3.3 Model with Turbine Speed Control
The driver in an industrial pumping system is always equipped with a speed
control device to maintain constant speed during regular operations and to provide
a means of changing the system operating point upon demand. For a steam tur-
bine, this device consists of a speed sensor, a controller, an actuation mechanism,
and a throttle valve at the inlet of the turbine. The controller usually uses a PID
control law. The actuation mechanism is a network of hydraulic and mechanical
elements that amplifies the controller output and communicates it to the throttle
1
valve .
3.3.1 Formulation of the Speed Governor Control
The governor mechanism and the throttle valve are modeled as a lumped stiffness,
damping and inertia.
Figure (3.10) shows a schematic of the system including the turbine speed
control sub-system. The base-line model, represented by equations (3.8-10 or
3.11-13), is augmented in the following manner.
Turbine Inlet Throttle Valve:
The flow across this valve is assumed incompressible (low Mach number). A
simple quadratic function is used to represent its constitutive relation,
rTh = V(Pt,in - Pin) / kt , (3.20)
where, pt,in is the total pressure at the valve inlet, and is considered as a constant
boundary condition. kt is the valve throttling coefficient for which higher values
L Detailed design description of these subsystems is available in [22, 24] amongst others.
are associated with the closure of the valve. It should be noted that Po,in, the
turbine inlet total pressure, is no longer constant. Instead, it varies at different
throttling settings and turbine speeds such that the mass continuity between the
valve and the turbine is satisfied. Therefore, the value of Po,in can be evaluated
algebraically by equating the right hand sides of equation (3.2) and (3.20) and
solving for Po,*n. The result can be written in terms of 7rT = (Po,in/Po,ot) and rt =
(Ptin,,/Po,ot) as follows,
-1 j1 + 4 e k ,ou 2 kpo,ot
7 T = 2 e12 Poout (3.21)
Consequently, the turbine constitutive relations are now functions of both rotor
speed and pressure ratio, since the turbine pressure ratio is no longer constant.
Another assumption is that the temperature remains constant across the valve,
consistent with the general assumptions of a throttling process.
The last relation needed to complete the model of the throttle valve is one that
links the throttle valve coefficient, kt, to the position of the valve gate, xt. Such a
relation would be required to give infinite value of kt at the fully closed position of
the valve (corresponding to a maximum value of xt), while giving a finite value of
k, at the fully opened valve position (corresponding to a minimum value of xt). A
possible choice is an exponential function of the form,
kt = Zle 2 t , (3.22)
where z, and z 2 are constants.
Governor Control Law:
A basic PID controller can be described by,
FG() E + T + - Edt (3.23)
dt T t
'where, F, is the output force signal, E = (w - w,.,f) is the input error signal, and
Kp, TD and TI are controller constants to be selected.
Governor Mechanism and Valve Dynamics:
The governor mechanism and throttle valve (referred to as the mechanism) are
].umped into a mass-spring-damper system, with the governor output, FG, as ex-
ternal forcing,
MG G( t + 2 G G , + Wn,G Xt) = FG(t), (3.24)
where mG is the equivalent mass of the mechanism, xt is the position of the
throttle valve, (G is the effective damping ratio, and wn,G is the undamped natural
frequency of the mechanism.
In order to incorporate the above equations into the model, they have to be
written in state space form. This can be achieved by writing the above two
equations in transfer function form. Simple manipulations can then yield an
equivalent set of equations that is easily transformed into state space format.
Briefly, this can be written as,
X,(s) X, (s) FG(s)
E(s) FG(s) E(s) 1 1
2 2 -K 1 + TD + - -  (3.25)
m,(s + 2(G5 ,GS Wn, G) T
which is equivalent to,
X,(s) ((s)
i(s) E(s)
1 + TD + S 2 P 2,Ts m (s + 2 (G n,G S W nG
where ( is an intermediate variable. Transforming the two transfer functions in
the above equation back to the time domain results in the following state equa-
tions,
Yl; = Y2
y2 P (W-Wref) - 2 G wn,G Y2 - W,GY1,
(3.27)
(3.28)
(3.29)y3 = Y,
and the output equation is given by,
t = t,d - (Y1+
1
TDy 2 + )y3 .
Where the three states are defined as,
Y, = 5, Y2 = , and y3 = J
Summary of System Model with Driver Speed Control:
The system dynamics is now described by six state equations, constitutive equa-
tions of all components, mass continuity for the turbine, and an output equation:
State Equations = dt T(W) -Jc(ThC ,) ],dt J
drhc
dt
[ Ap (he ,w) - Ap ],
XE(s) _
E(s) (3.26)
(3.30)
( dt.
(3.31)
(3.32)
MG
d( A p) a 2
dt V
yl = Y2 ,
K
Y2 =- W~) - 2 G W,•G Y2 - W,a Y,
mG
y3 = Y1,
(3.33)
(3.34)
(3.35)
(3.36)
The output equation, (3.30), is used to calculate the turbine throttle position,
from which the throttling coefficient, kt, can be found using equation (3.22). The
constitutive relation pertaining the turbine throttle valve, equation (3.20), in con-
junction with the mass continuity between the throttle and the turbine, equation
(3.21), are also used to determine the turbine mass flow and pressure ratio, both of
which are needed to calculate the turbine torque.
Selection of Model Parameters:
The introduction of the turbine speed governor into the
parameters for which a value needs to be selected. Table
rameters, the selected values and the basis of selection.
model produced many
(3.4) lists the main pa-
Parameter Description Value Note
Kp controller gain 6.2 Estimated using Ziegler-Nichols
TD derivative control 0.6 rules for tuning PID's, [18].
time constant
TI integral control time 2.4
constant
mG equivalent mass of 100 kg Design choice
throttling mechanism
(G equivalent damping 0.5 Design choice (underdamped)
ratio
equivalent natural 10 Design choice
frequency rad/sec
Zl throttle valve con- 0.19 selected such that reasonable
stant throttling is obtained
z 2  throttle valve con- 29.9 selected such that reasonable
stant throttling is obtained
Table (3.4) Nominal values of turbine governor sub-system parameters.
3.3.2 Analysis of the System Model with Speed Control
The model presented above allows the effect of the turbine speed control on the
overall system dynamics to be examined. In particular, the post-stall behavior
and transients involving large shifts in system operating point can be investigated.
Numerical simulations of the above model show that the turbine speed control
does not have an appreciable effect on post stall behavior. The only pronounced
effect can be seen in the amplitude of oscillations in rotor speed during surge with
small values of J* and reasonably large values of the controller gain, K,. Figure
(3.11) and Figure (3.12) show two simulations demostrating the post-stall behavior
of the system without and with speed control respectively, both using involve the
response to a step input in (v= 1.0 to 2.5, and values of B* = 3.15 and J* = 0.3.
Comparing the two simulations yields the following observations. The oscillations
in rotor speed have higher amplitude with no speed control as compared to the
case with speed control (about 40% higher). The reason for that is the corrective
action that the controller takes responding to the speed fluctuations associated
with the surge cycle. The small value of J* makes it possible for the rotor inertia
to accelerate and decelerate on the same time scale of the surge oscillation. It can
also be observed that the surge period is slightly shorter and that the system in-
stability developed earlier in the case having speed control. All three observations
lead to the conclusion that the effect of speed control on the system post-stall
dynamics can be thought of as a higher effective J*, since it reduces the amplitude
of speed oscillations, slightly shortens the surge period, and diminishes the stabiliz-
ing effect of small values of J*.
Transients of finite amplitude can be encountered when the system operating
point is intentionally changed for operational reasons. A typical example is the
process of shutting down the pumping system. The speed control system is the
main device used to achieve such an action.
To examine the dynamics associated with these transients, consider the case
where the system is at a typical steady operating point. The reference speed, w,.ef,
is set to zero and the system response is then observed. The trajectory of the sys-
tem response on a phase plane (such as the compressor map) was found to depend
strongly on B*, J*, and driver speed control parameters. In particular, it was
found that increasing the value of K, above a critical value can cause the system
to experience a surge cylce during a shut-down transient. A very high value of
K"p corresponds to a large control signal that closes the throttle valve immediately.
Consequently, the turbine mass flow, and hence the torque, drops to zero, and the
rotor inertia is left to decelerate under the action of the compressor torque alone,
which in turn depends on the instantaneous shaft speed and compressor flow.
This chain of dependency can be best understood by means of two simulation
examples: one with high KP (causing surge), and one with low K, (avoiding surge).
Figure (3.13) and Figure (3.14) show the results of these simulations. In Figure
(3.13), the high value of K, resulted in the immediate loss of the turbine torque.
The values of B* and J* used in the simulation correspond to a slow plenum dis-
charge rate (relative to the deceleration of the rotor) that maintained a high back
pressure on the compressor long enough to reduce the flow rate below the stability
threshold at that speed. In contrast, the simulation with small K,, Figure (3.14),
shows that the throttle valve closure was slow enough for the dynamics on the
compressor side to catch up. The result is a transient trajectory that closely fol-
lows the compressor discharge valve line, tracing all the possible steady operating
points at different speeds.
3.4 Discussion of Results
In this section, a summary of the observations made above is presented. Practical
issues regarding the formulation of the model and the implications of the results
are discussed.
The third order model of the base-line system was able to capture a wide
spectrum of dynamics of interest. The two non-dimensional groups, B* and J*,
were shown to have a significant impact on the stability of the system and an
appreciable role in the post stall behavior of the system. It should be noted that
for a real industrial installation, obtaining accurate estimates of these parameters
could be nontrivial. In building the model for a practical system, care should be
taken in identifying the effective fluid compliance, fluid inertia and mechanical
inertia, which are not necessarily obtained from the physical dimensions of the
corresponding elements. System identification tests may be utilized for a given
system to obtain more accurate estimates of the effective values of these pa-
rameters. For example, a discharge valve might not be the only component
responsible for throttling the compressor-the internal construction of a process
column (plenum) can have a significant throttling role. The presence of a check
valve at the compressor discharge can play a similar role. Another example is
identifying the effective compressor duct inertia. A reasonable choice for the inlet
:piping section can be identified as that between the compressor and the closest
upstream plenum 2, provided this plenum is large enough to have a much slower
dynamics than the system of consideration.
The parameters of the lumped model introduced for the governor/throttle
mechanism can also be determined using system identification tests, since there is
usually no single mass, spring or damper that can represent the dynamics of the
overall mechanism.
The results obtained from analyzing this model indicated that smaller values
of J*, defined by equation (3.15), have a stabilizing effect up to a certain com-
pressor throttling level. Reducing J* can be achieved by either reducing the rotor
inertia or increasing the compressor inlet duct fluid inertia. For the designer of
such systems that indicates the use of shorter and lighter rotor shafts with smaller
diameters. Additionally, the location of the compressor upstream plenum men-
tioned above can be selected to be as far as possible from the compressor in order
to further reduce J*. It should be understood, however, that many other design
considerations have to be accounted for in making such design choices. Similarly,
smaller values of B*, defined by equation (3.14), were shown to have a stronger
stabilizing effect. Comments parallel to those made for J* can be argued for B*
from a design point of view.
2 In actual installations, there is usually a plenum upstream the compressor that is used to
mix the recycled and fresh gas before entering the compressor in order to remove any condensate
and l;o provide some cooling for the recycled gas.
The role of governor controller parameters in any problematic situation can be
examined and explained using the model. The observation that higher controller
gain tends to diminish the stabilizing effect of small J* can assist the designer in
evaluating different design choices regarding the controller parameters. The
model can also be utilized in estimating the maximum controller gain allowable
for a shut down action to be surge-proof for a given system.
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Figure (3.1) Turbine characteristics: (a) mass flow rate-pressure ratio. (b) flow and
torque as function of rotor speed. Both for a given turbine inlet pressure.
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Chapter 4
Dynamics of Typical Configuration
Industrial Pumping System
This chapter addresses the role of additional components associated with typical
industrial pumping systems in setting the overall dynamics. These components
include the recycle line, the recycle flow control valve, the pressure control valve,
and the compressor check valve. The model developed in the previous chapter is
then augmented with a recycle line and the accompanying flow control valve. The
significance of including the recycle loop in the model comes from the central role
'it plays in many current surge avoidance and recovery systems. The final model
]provides a means of assessing the effects of the recycle loop parameters on per-
forming these tasks.
4.1 Typical Pumping Station: Single
Compression Train
4.1.1 Control Valves and Recycle Lines
Figure (4.1) shows a schematic of a typical industrial pumping system. Three
main additions can be seen in this figure as compared to Figure (3.10). A recycle
loop has been added connecting the compressor discharge directly to its inlet,
passing through a flow control valve. Since surge occurs at reduced compressor
flow which results from back-pressuring the compressor, providing a less resistive
path for part of the compressor flow can prevent it from surging. The recycle loop
specifically performs this task by opening the recycle valve upon reaching a mini-
mum critical value of compressor flow. The penalty of this action is the waste of
pumping power used to compress the recycled gas. It is of interest to both de-
signers and operators to minimize recycling without sacrificing safety of
equipment. In order to allow for a safety margin, the critical value of compressor
flow that triggers the recycle valve opening is higher than that corresponding to
the actual surge line of the machine, Figure (4.2). The farther these two lines are
apart the less likely surge can be encountered, while the higher the recycling pen-
alty becomes.
The second addition to this figure is the pressure control valve (indicated by
the control signal from the plenum to the discharge valve). Pressure control valves
are used to regulate the pressure downstream of the compressor and partially set
the operating point of the system. The third addition is the check valve at the
compressor discharge which is used to prevent the compressor from passing re-
versed flow.
4.1.2 Incorporating a Recycle Loop in the Model
The model is now expanded to include the recycle loop as shown in Figure (4.3).
The following mass continuity relations can be written at the branching nodes,
rhC = rhu,,in + rhR  (4.1)
rhp,in = rhc - rR (4.2)
rlp,in = Thuin (4.3)
where, rhn, rh7 ,I,,i and rh,,,i are the mass flow rates through the recycle line, into
the plenum and into the upstream duct (upstream the recycle feed) respectively.
Recycle Valve Model:
The modeling assumptions considered here are the same as those used for the
compressor discharge valve. A simple quadratic constitutive relation can be writ-
ten as,
rhR = AR I- (4.4)
where, AR is the recycle valve discharge coefficient, and is proportional to some
equivalent flow-through area of the valve, Ap = p, - pz,i,, is the system pressure
rise between which the recycle valve operates. AR would be the output of the
recycle valve controller. However, to capture the dynamics of the valve in a sim-
plified manner, it is assumed that the instantaneous value of the throttling
coefficient, AR, lags behind the controller output signal. This can be written as,
dAn
Tlag,R dAR = A, s - AR, (4.5)
dt
where, A,,,, is the controller output signal, and Tlag,R is a time constant charac-
teristic of the valve.
Recycle Loop Control Law:
A simple proportional control law is considered. The recycle valve is required to
open only when the compressor flow decreases below a preset minimum. Thus, the
input signal can be taken as the difference between this preset minimum and the
instantaneous value of the flow. Since the minimum allowable flow depends on
the speed of the compressor, it is appropriate to utilize the non-dimensionalized
flow coefficient, 'c, introduced by equation (2.7). Notice that 'c is non-
dimensionalized using the instantaneous speed of the compressor. Consequently,
the control law can be stated as,
AR,s = KR( c,miLn - ¢c), (4.6)
where, KR is the proportional control gain, and cmin is a minimum flow coeffi-
cient that defines the surge protection line, and is set in a manner that guarantees
an adequate safety margin from the actual surge line. Possible choices are the
peak of the characteristics, which is very close to the actual surge line, or the de-
sign point at which the compressor usually operates. Implementing the latter
choice results in partial recycling at any operating point to the left of the design
point, while providing a reasonable safety margin.
System Governing Equations:
The model is now governed by the following state equations:
dw= - TT(W) - rc(rhc ,w)], (4.7)dt J
drhC  AU [ýp(m , w) - Ap l (4.8)
dt LU
d(Ap)_ a2
dt VA (4.9)
-1 = Y2 , (4.10)
K
- ( -re f ) - 2 G Wn,G Y2 - n,G Y1, (4.11)
mG
y3 = Y1, (4.12)
100
dAR 
- 1AA, 
-A]. (4.13)
dt Tlag,R
The turbine throttle valve is still governed by the output equation,
1
xt = Xt,d -( + TD2 + 3 ). (4.14)
The recycle line control logic can be described by the following relations,
S=-C I(TC Wr A,)
if C' < ¢c,min
AR8, = KR(C,min - C
else
ARn, = 0
end
rhnR = ARAp
rhp,in = rh - rnR.
The above set of relations defines all the new variables in the model in terms of
system states and physical parameters.
4.1.3 Simulation of The Overall System
To examine the effect of the recycle loop dynamics on the overall system transient
behavior, the following simulations are considered. First, the effect of the recycle
valve controller gain, KR, is examined. In all the following simulations, the sys-
tem response to a step input (of fixed amplitude in all cases) in the discharge valve
setting is obtained using the nominal values of B* and J*. Figure (4.4) shows time
histories of the flow through the compressor and the recycle line using two values
of KR. The first simulation, Figure (4.4)a, demonstrates a sustained surge be-
havior, while in the second simulation, Figure (4.4)b, the system recovers after
only one surge cycle and reaches a new steady state operating point that is char-
101
acterized by a slightly lower compressor flow and a typical constant recycling rate
of approximately 30% of compressor flow. It has been found that for a given
value of recycle valve time constant, Tlag,R, there is a critical value of KR above
which the system can recover from surge. In the case considered here, the value of
Tlag,R was 1.0 sec, for which the critical value of KR was about 0.44.
In Figure (4.5)a, b, and c, three simulations are shown. The first two, a and b,
were obtained using Trag,R value of 5.0, and KR values of 0.2 and 0.22 respectively,
and demonstrate a recovery from surge after encountering few surge cycles. It can
be seen from comparing these two cases to the previous ones, that for the higher
value of Tlag,R
, 
a lower KR can provide recovery. In addition, the higher value of
Tlag,R changed the nature of recovery in that different values of KR caused the
system to experience different number of surge cycles before fully recovering to a
stable operating condition. Finally, Figure (4.5)c shows a case of surge avoidance,
where the system did not experience any surge cycles. This was achieved by using
a high controller gain, KR = 0.5, and a very small Tlag,R = 0.1 (corresponding to a
quick-acting valve). It should be noted that in all these simulations, the system
was subjected to the same step input (C( = 3).
4.1.4 Discussion of Recycling Performance
Despite the success of using the recycle loop to avoid and recover form surge, there
remains a question regarding the penalty involved. Two aspects of recycling-
based schemes can be identified as penalizing. The first is related to the com-
pressor condition and "health", and the other is related to the efficiency of the
overall pumping station. It is known that compressors and pumps are very sen-
sitive to operating at reduced flow rates (with the reversed flow being the
extreme). Elongated and frequent periods of operation under such conditions can
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have a very strong impact on the life and the reliability of the machine. On the
other hand, high levels of recycling, intended to protect the compressor, raises a
concern about the efficiency of the overall pumping station.
To quantify these aspects of the recycling process, the following parameters
can be introduced,
[rc _ dt[t2
Xev (4.15)
rhc dt
AM cl pcdt
and, Xnet - t (4.16)
where, Xrev is the ratio of (the total amount of fluid that passed through the
compressor in the reversed direction) to (the net amount of fluid that passed
through the compressor) during some transient t, to t 2, while Xnet is the ratio of
(the useful hydraulic energy supplied to the net flow) to (the total amount of en-
ergy supplied to the compressor) during some transient t, to t 2.
Xev can be viewed as an indicator of how severe a transient is for the com-
pressor. Higher values of X,,e indicate that the compressor was subjected to severe
operating conditions during that transient in terms of reversed flow conditions.
Xet, on the other hand, can be viewed as the efficiency of the overall pumping
station averaged over some period of time. It quantifies the portion of the energy
delivered to the compressor that has been used in pumping the product leaving the
station. It follows that lower values of Xrev indicate better performance while
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lower values of Xnet indicate worse performance. These two parameters can be
utilized, for example, in evaluating the performance of surge avoidance and re-
covery systems during a given transient scenario, or over the course of few months
of normal operation.
As an application, Xre, and Xnet were evaluated for the transient scenarios
considered in section (4.1.3). The results are summarized in Table (4.1) . It can be
noticed from these values that the last case which avoided surge completely had a
zero value of Xrev indicating that the compressor did not experience any reversed
flow. In contrast, the first case in the table had the highest Xre, index due to the
frequent and sustained occurrence of compressor flow reversal. In the same time,
the first case had the lowest Xnet value indicating a relatively poor pumping ef-
ficiency of the overall system during the transient. All other cases, which either
avoided or recovered from surge, have a relatively high pumping efficiency index.
Reference Figure Xrev Xnet Note
Figure (4.4)a 0.068 0.550 sustained surge oscillations, no recovery
Figure (4.4)b 0.004 0.750 recovery after one surge cycle
Figure (4.5)a 0.027 0.764 recovery after three surge cycles
Figure (4.5)b 0.016 0.781 recovery after two surge cycles
Figure (4.5)c 0 0.755 surge was avoided
Table (4.1) Summary of recycle loop performance indices.
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Chapter 5
Summary and Conclusions
5.1 Summary and Conclusions
In this study, existing models of basic compression systems were expanded to
capture the dynamics of industrial pumping systems. Compared to basic com-
pression systems, industrial applications are characterized by having additional
components, being associated with specific operational requirements, and being
integrated into complex networks of other sub-systems. The models developed in
this study are intended to facilitate the prediction and control of their transient
behavior.
The work presented in this thesis can be summarized as follows.
Modeling:
* A series of models that capture the dynamics of interest in industrial
pumping systems have been developed.
* These models incorporated, at different stages, a industrial driver model
including its speed control subsystem, and a compressor recycle loop. They
also incorporated full range, realistic constitutive relations of critical com-
ponents.
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* A few modeling assumptions and practical considerations were evaluated in
the context of industrial pumping systems.
* These models were used to predict and quantify the system instability onset
limits, the post-stall behavior, and the effect of critical subsystems on the
dynamics of the overall system.
* The models were also utilized in explaining the physics associated with such
dynamics.
Results and Analysis:
* Using the base-line model of a simple pumping system, it was shown that
both the instability onset limit and the post-stall behavior (surge dynamics)
depend on two non-dimensional parameters, B* and J*. The first being
proportional to the ratio of effective fluid compliance to effective fluid in-
ertia, where the second is proportional to the ratio of the effective
mechanical inertia to effective fluid inertia.
* The instability onset limit was found to strongly depend on B*, such that
lower values of B* corresponded to a wider stable range of operation. In
contrast, smaller values of J* had a stabilizing effect that was limited to a
narrower range of operation. It was shown that there is a critical value of
discharge throttling beyond which the stability limit becomes mostly de-
pendent on B*.
* The stabilizing effect of rotor speed fluctuations was explained using the
model. It was found that at the point where the dynamic instability initi-
ates, the variation in rotor speed effectively produces a less positive
compressor slope.
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* The post-stall behavior of the system was found to be mainly influenced
by B*, such that higher values of B* resulted in surge oscillations of higher
periods. The effect of J* on surge period was only pronounced at high B*,
where higher values of J* reduced the surge period.
* The inclusion of the turbine speed control subsystem was found to have a
significant impact on large transients. The governor controller gain was
found to play a critical role in a shut-down scenario by either causing the
system to encounter a surge cycle or avoid it. The effect of high controller
gain on post-stall behavior was pronounced only with small J*, and was
found to: reduce the amplitude of rotor speed oscillations, reduce the surge
period, and develop earlier instability, leading to the conclusion that high
controller gain can be thought of as a higher equivalent J*
* The simple model used for including the recycle line was able to capture the
main dynamics of surge avoidance and recovery. The ability of the recycle
line to achieve this depended on the controller gain and the time lag con-
stant associated with the recycle valve dynamics.
* Two parameters were introduced to quantify the effectiveness and effi-
ciency of the recycle line in avoiding and recovering from surge. The first
was based on the amount of reversed flow through the compressor, and the
second was based on the amount of energy used to deliver the net useful
product.
5.2 Recommendations For Future Research
Several additional aspects of modeling and analyzing the dynamics of industrial
]pumping systems can be identified as areas of interest and practical import.
* The task of extracting the equivalent parameters of fluid inertia, damping
and compliance from a real industrial installation is non-trivial. Examin-
ing actual components, such as process columns and control valves, and
establishing a methodology to estimate their dynamic character can im-
prove the practical value of the model.
* The models developed in this study require the constitutive relations of the
compressor as an input, upon which the success of the model largely de-
pends. Industrial multi-stage compressor performance data is usually
based on testing of the specific machine and does not include the post-stall
portion of the characteristics. The ability to predict this part of the char-
acteristics based on understanding the physics of the flow instability in this
class of machines is of great value.
* Further analysis of the models developed so far utilizing the analytical and
numerical tools available from Non-linear Dynamics Theory, such as bi-
furcation analysis, can potentially reveal more about the physics of these
systems and assist in altering their non-linear behavior in a rigorous fash-
ion. This approach has already been taken by many researchers in
analyzing basic, low order pumping systems, and complex high order dy-
namic systems.
* The analytical results presented in this study or produced by similar models
need to be compared to transient experimental data. Such data is not
readily available. The instrumentation commonly installed in industry is
suited for monitoring daily operation and does not have the time resolution
needed to collect transient data. An experimental effort aimed at acquiring
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transient data for an industrial pumping system in a typical installation
would facilitate verifying the model, its assumptions and results.
* Utilizing these models, existing surge avoidance schemes can be assessed
and compared. New control concepts, including active suppression of
compressor instabilities, can also be examined in the context of industrial
pumping systems.
* The interaction of many pumping systems should be considered. A unified
modeling notation, such as Bond Graphs, can be utilized to automate the
construction, simulation and analysis of complex models representing in-
tegrated process plants.
* Ultimately, a computer-based technology can be developed such that it
provides design, operations, and control decisions based on the dynamic
models of these complex industrial applications.
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